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Introduction
The study of deep inelastic electroproduction has led to important information on the structure of the proton. This information is extracted from the structure functions F2(x, Q2) and FL(x, Q2) which appear in the cross section for deep inelastic leptonhadron scattering. Here x denotes the Bjorken scaling variable and Q2 is the mass squared of the virtual photon exchanged between the lepton and the hadron. In the framework of perturbative Quantum Chromodynamics (QCD) these structure functions can be described by a convolution of patton densities with coefficient functions. The latter are calculable order by order in perturbation theory. However, the patton densities cannot be computed yet since they are of a non-perturbative origin and have to be extracted from the data. Starting from the late sixties these densities have been obtained from many experiments. Until recently the analysis was carried out in the kinematical range 0.01 < x < 0.95 and Q2 < 300 (GeV/c) 2. However, since the advent of the HERA accelerator the kinematical region has been extended to much smaller values of x (x > 10 -4) and much larger values of Q2 (Q2 < 2 × 10 4 (GeV/c)2). The most recent results come from the H1 and ZEUS experiments at HERA, see Refs.
[1] and [ 2 ], respectively.
The low-x region is of great experimental as well as theoretical interest. The structure function F2(x, Q2) rises very steeply when x ~ 0 which can be mainly attributed to a corresponding increase in the gluon density. Therefore this density is a very important issue in the investigation of the small-x structure of the proton. Since the gluon density appears together with the other parton densities in most cross sections, one has to look for those specific reactions in which it plays a dominant role so that it can be isolated from its partners. One of these processes is extrinsic charm production in deep inelastic electron-proton scattering, which was investigated for the first time in [3] . Here the dominant production mechanism is represented by the photon-gluon fusion process which is indeed the only one in the Born approximation. Next-to-leading order (NLO) calculations [4] , to which also other processes contribute, reveal that this picture remains unaltered.
Apart from the interest in the gluon density, charm production also revived the important issue of how to treat the charm quark in deep inelastic scattering processes. Here one can distinguish between intrinsic [5] and extrinsic charm production. In the former case the charm is considered to be a part of the hadronic wave function and it is described by a parton density in the hadron like the other light flavours (u,d,s) and the gluon (g). However, this prescription is only correct if the charm quark can be treated as a massless particle which is certainly not the case at small-Q 2 values where threshold effects become important. In this region the charm quark has to be treated as a massive particle. On the other hand, when Q2 >> mc 2, where mc is the charm mass, extrinsic charm production via the photon-gluon fusion process and its higher order QCD k lnk(Q2/m2c). These large corrections corrections reveal large logarithms of the type te s bedevil the perturbation series and have therefore to be resummed via the renormalization group equations. This resummation entails the definition of a charm parton density in the hadron. Although a recent investigation [6] shows that the above logarithms lead to a rather stable cross section for charm production with respect to variations in the renormalization and mass factorization scale, the size of these large corrections warrants a special treatment. This is provided by the so-called variable flavour number scheme (VFNS) [7, 8] . In this scheme the treatment of the charm quark depends on the values chosen for Q2. At low-Q 2 values the deep inelastic structure functions are described by the light parton densities (u,d,s,g). The charm contribution is given by the photon-gluon fusion process and its higher order QCD corrections. At large Q2 the charm is treated in the same way as the other light quarks and it is represented by a charm parton density in the hadron, which evolves in Q2. In the intermediate Q2 region one has to make a smooth connection between the two different prescriptions. In Refs. [9] [10] [11] this was done by adding and subtracting certain mass factorization terms. Notice that the above considerations also apply to bottom production when Q2 gets extremely large.
Up to now the VFNS scheme has only been applied to heavy flavour electroproduction using the Born approximation to the photon-gluon fusion process [9] [10] [11] . It is our aim to extend this scheme to next-to-leading order in as. For that purpose we will calculate the full two-loop operator matrix elements containing one heavy quark loop. This calculation k 2 2 provides us with the terms containing the logarithms In (mc/tX) which have to be subtracted from the charm cross section so that the final result becomes independent of the charm mass me. Here # denotes the renormalization scale which can be identified with the mass factorization scale. In addition to their application to the VFNS scheme one can also use the two-loop operator matrix elements to construct an analytic form 2 by combining of the NLO heavy quark coefficient functions in the limit Q2 >> mc them with the NLO light parton coefficient functions in [ 12] . We will refer to these results as the asymptotic heavy quark coefficient functions. These expressions serve as a check on the exact calculation in [4] which is only available in a large computer program involving numerical integrations over several variables. Furthermore, it enables us to see at which Q2-values the asymptotic heavy quark coefficient functions coincide numerically with the exact ones, which gives an indication when the charm quark can be treated as a massless quark. The content of this paper can be summarized as follows. In Section 2 we introduce our notations and give an outline how the heavy quark coefficient functions can be determined in the asymptotic limit Q2 >> m 2. In Section 3 we present the calculation of the full two-loop operator matrix elements needed for the computation of the asymptotic form of the heavy quark coefficient functions. The latter will be calculated in Section 4. Finally, in Section 5 we will show at which Q2-values the asymptotic form coincides with the exact one given in [4] . In Appendix A an exact analytic expression for the heavy quark coefficient function, which is valid for any Q2 and m 2, is presented in the case of the Compton subprocess. An important trick how to compute an operator matrix element integral containing five different propagators is given in Appendix B. The long formulae obtained for the full operator matrix elements and the asymptotic heavy quark coefficient functions are presented in Appendices C and D, respectively.
Heavy quark electroproduction
In this section we will show the connection between the heavy flavour coefficient functions computed in the asymptotic limit Q2 >> m 2 and the operator matrix elements (OME's). Here Q2 denotes the mass squared of the virtual photon with momentum q (q2 = _Q2 < 0) and m stands for the heavy flavour mass. The variable x is defined by x = Q2/2p • q (Bjorken scaling variable) where p stands for the momentum of the proton. The OME's arise when the local operators, which show up in the operator product expansion (OPE) of two electromagnetic currents, are sandwiched between the proton states indicated by IP). In the limit that x is fixed and Q2 >> M 2, where M denotes the mass of the proton, this OPE dominates the integrand of the hadronic structure tensor Wg~, which is defined by In the QCD improved parton model the heavy flavour contribution to the hadronic structure functions can be expressed as integrals over the partonic scaling variable z = Q2/(s + Q2), where s is the square of the photon-parton centre-of-mass energy (s >~ 4m2). This yields the following result:
,:<.Z,m,,: '
(2.8)
where i = 2, L and the upper boundary of the integration is given by Zmax = Q2/(4m2 + Q2). The function G(z,/z 2) stands for the gluon density. The flavour singlet combination of the quark densities is defined by n/ 2(z'/z2) = Z (fi(z'/x2) + fi(z'/z2)) '
(2.9) i=I where fi and fi stand for the light quark and anti-quark densities of species i, respectively. The non-singlet flavour combination of the quark densities is given by
In the above expressions the charges of the light quark and the heavy quark in process (2.2) are denoted by ei and e a, respectively. Furthermore, nf stands for the number of light quarks and /z denotes the mass factorization scale, which we choose to be equal to the renormalization scale. The latter shows up in the running coupling constant contained in a= (/~2). Like the parton densities the heavy quark coefficient functions Zi,j (i = 2, L; j = q, g) can also be divided into flavour singlet and non-singlet parts which are indicated by the superscripts S and NS in Eq. (2.8). Furthermore, the singlet quark coefficient function can be split into L s = NS PS t,q Li, q -4-Li, q .
(2.1 1 )
The above relation originates from the light flavour decomposition of the Feynman graphs contributing to the structure function Fi(x, Q2) in (2.8). One class of graphs gives the same contribution to L s~,q as to Li,q,NS whereas another class, which we call purely singlet (PS), only contributes to L s The latter class is characterized by those t,q" diagrams which have a gluon in the t-channel and can therefore only contribute to the 2 L s Ns singlet quark coefficient function L s~,q. It turns out that up to order a s ,,q = Li, q and L s = 0. In the case of the heavy quark coefficient functions Hid there is no non-singlet l,g part and therefore H s = PS ~,q Hi, q. The latter gets contributions for the first time in order as2, whereas the perturbation series in H s,,g starts in order as. The distinction between the heavy quark coefficient functions Lid and Hi,j carl be traced back to the different photon-parton production processes from which they originate. The functions Lid are attributed to the reactions where the virtual photon couples to the light quark whereas Hi,j originates from the reactions where the virtual photon couples to the heavy quark. Hence Li,j and Hi, j in (2.8) are multiplied by e/2 and e~, respectively. Moreover, when the reaction where the photon couples to the heavy quark contains a light quark in the initial state, then it can only proceed via the exchange of a gluon in the t-channel between the light and the heavy quark. Therefore this subprocess is purely singlet and there does not exist a non-singlet contribution to HSi,q. Here below we will discuss the various subprocesses which contribute to the heavy quark coefficient functions up to order as 2 and which have been exactly calculated in [4] .
In the Born approximation (first order of as or LO) one has the photon-gluon fusion process y*(q) +g(kl) ~ Q(pl) + Q(p2), (2.12) which leads to the lowest order contribution to H s,,g denoted by HSg ~1). Here the coefficients " (k) 1-1i, j are defined as follows:
(Q2 m 2) ~ (~_~)kH}, (Q2 m 2) Hid Z, m2,/z 2 =Zk=l k) Z, m2,/6 2 , (2.13) with a similar definition for L!k. )
t,J "
The next order is obtained by including the virtual gluon corrections to process (2.12) and the gluon bremsstrahlung process y*(q) + g(kl) ~ g(k2) + a(Pl) + Q(p2), (2.14)
both of which contribute to the second order term in HSg denoted by H s'~2) i,g . In addition to the above reaction we also have the subprocess where the gluon in (2.14) is replaced by a light (anti-) quark, i.e. y*(q) + q(q)(kl) ~ q(q)(k2) +Q(pl) +a(p2).
(2.15) This process has however two different production mechanisms, which both start in second order of as. The first one is given by the Bethe-Heitler process (see Figs providing us with the coefficient function Hi, q . In the Compton reaction the virtual photon couples to the light (anti-) quark and leads to Li, NS'(2) = L~q (2) (see (2.11)). Finally we want to make the remark that there are no interference terms between the Bethe-Heitler and Compton reactions in (2.15) if one integrates over all final state momenta.
The complexity of the second order heavy quark coefficient functions prohibits publishing them in an analytic form, except for L Ns'~2) which is given in Appendix A, so
that they are only available in large computer programs [4], involving two-dimensional integrations. To shorten the long running time for these programs we have previously tabulated the coefficient functions in the form of a two-dimensional array in the variables r/ and s c in a different computer program [13] . These variables are defined by (using s = (q + kl)2, z = Q2/(s + Q2), and ~7 = (s-4m2)/(4m 2))
This new program has shortened the computation of the heavy flavour structure functions Fi(x, Q2,m 2) considerably as one only requires one integral over the variable z in (2.8), therefore making our results for the NLO corrections more amenable for phenomenological applications. However, when Q2 >> m 2 it is possible to get complete analytic forms for the heavy quark coefficient functions which are similar to the ones presented for the light quark and gluon coefficient functions given in [ 12] . To get the analytic form in the above asymptotic regime one can follow two approaches. The first one is to go back to the original calculation of the exact coefficient functions in [4] and repeat the computation of the Feynman graphs and the phase space integrals in the limit Q2 >> m 2. An example of such a calculation can be found in [ 14] , where all photonic corrections to the initial state of the process e-+ e + ---+/z-+/.t + in the limit S >> m 2 were computed. However, this procedure is still quite complicated because one cannot neglect the fermion masses at too premature a stage which results in rather messy calculations. Fortunately, as one can find in [ 14] , there exists an alternative method which we will use for the heavy quark coefficient functions.
In the limit Q2 >> m 2 the heavy quark coefficient functions behave logarithmically as
with a similar expression for L (~) i,j " As has been already mentioned in the introduction these large logarithms lnt(QZ/m 2) dominate the radiative corrections. This is in particular the case for charm production in the large Q2 region which is accessible to HERA experiments. The above large logarithms also arise when Q2 is kept fixed and m 2 ~ 0 so that they originate from collinear singularities. These collinear divergences can be removed via mass factorization. The latter proceeds in the following way. In the non-singlet case we have Q2 1) (2.18) i For the singlet case the mass factorization becomes
with k, l = q, g. Notice that in the above expression we have suppressed the z-dependence for simplicity. The convolution symbol is defined by Notice that 0~ t''4~" in (2.23), (2.24) can stand for the light quark as well as for the heavy quark operator. Where possible we put q = Q when the heavy quark operator is considered. Furthermore, S denotes the symmetrization of the operators in their Lorentz indices /14 and the trace terms are needed to make them traceless. The ~r in (2.23) represent the generators of the flavour group SU(nf), whereas the index a in (2.25)
is the color index. The objects ¢(x), F~ represent the quark field and the gluon field tensor respectively and D~ denotes the covariant derivative. The OPE expansion in (2.21) can be applied in the limit Q2 >> m 2 at fixed x so that the integrand in (2.1) gets its dominant contribution from the light-cone behavior of the current-current commutator. Inserting (2.21) in (2.1) and replacing the hadron state IP) by a light quark or gluon state le) one gets the relations
where i = 2, L; k, l = q, g and ~i,k denote the light parton structure functions. The OME's ,'~kt are defined by ~ / m 2 \ akt ~-~, 6) = (glOklg) .
(2.28)
Since the operators in (2.21) are already renormalized, the quantities in (2.26), (2.27) can be only collinearly divergent. The collinear divergences due to the presence of light partons are regularized by the method of n-dimensional regularization so that they show up in the form of pole terms (1/6) i (6 = n -4). In this and the next section all quantities like .Ti.k and Akt which only depend on the collinear pole terms will be indicated by a tilde. . Also the ,4kt in (2.28) turn into the collinearly finite OME's Au so that one can make the following identification:
For the computation of the asymptotic behaviour of the heavy quark coefficient functions corresponding to the processes (2.12), (2.14) and (2.15) one needs the following quantities. For processes (2.12) and (2.14) we have to calculate the one-loop OME AS,(1) and the two-loop OM~ A s'(2) respectively. They are represented by the Feynman to A Ns,(2) with the two-loop OME's in Fig. 4 .
"~qq
Notice that for the OME's we can make the same distinction in non-singlet (NS), singlet (S) and purely singlet (PS) as done for the coefficient functions. In particular we have the relation 
Calculation of the two-loop operator matrix elements
Before presenting the results of our calculation of the OME's we will first derive the general structure of the OME's discussed in the last section. If we insert the OPE (2.21) into the structure tensor W~ in (2.1) the OME's which are derived from the Feynman Fig. 4 . Two-loop graphs contributing to the OME ANS~ 2) . The gluon self-energy contains the heavy quark Q in the quark loop only which is indicated by the solq~ line. The dashed line stands for the light quark q.
indicated by p, of the external light quark and gluon off-shell (p2 < 0) only ultraviolet (UV) singularities appear in the OME's. Using this off-mass-shell assignment one can express the renormalized as well as the unrenormalized OME's into the renormalization group coefficients as is done in [ 16] . However, for our computations we have to put the external momentum on shell (p2 = 0) so that the OME's turn into genuine Smatrix elements. This mass assignment implies that in addition to UV divergences one also encounters collinear (C) divergences which originate from the coupling of the external on-shell massless quanta to internal massless quanta. In the computation of the Feynman graphs both types of divergences will be regularized using the technique of ndimensional regularization. However, since both singularities in the OME's will manifest themselves in the form of pole terms of the type e -k (e = n -4) it is very hard to trace back their origins. Nevertheless, one can express the OME's into the renormalization group coefficients in a similar way as has been derived for the off-shell case in [ 16] . Where possible we will make a distinction between UV-pole terms and C-pole terms, which are indicated by e~v k and ec k respectively, and identify them euv = ec when it is appropriate.
In the subsequent part of this section we will construct the OME's, corresponding to the graphs in Figs. 1-4, in such a way that the coefficients of the pole terms are given by the renormalization group. These coefficients are products of the terms appearing in the beta function and the Altarelli-Parisi (AP) splitting functions (anomalous dimensions) [ 17] . The purpose of this presentation is threefold. First we need these coefficients for the construction of the heavy quark coefficient functions in the next section. Second, since the renormalization group coefficients are known in the literature we can predict the residues of the pole terms so that these expressions serve as a check on our calculations. Third, it is much easier to show the renormalization and mass factorization for the algebraic expressions, which are short, than for the analytic formulae in our calculations because the latter are rather long.
The OME's Aij can be expanded in a perturbation series as follows:
In the following discussion we distinguish three different types of OME's. First we have the unrenormalized ones indicated by ,4sj. They contain UV singularities as well as C-singularities. Second, after renormalization the UV divergences are removed and we are left with the OME's defined by ,4ij which still contain C-divergences. The latter have to be removed via mass factorization so that the Aij turn into the finite OME's indicated by Aij. Notice that the expansion in (3.1) holds for all three different types of OME's.
The renormalization of ,~ij proceeds in three steps. First we will perform mass renormalization for which we choose the on-mass-shell scheme. This implies that the bare mass th, which occurs in "~ij has tO be replaced by
so that the mass renormalized ,4/j reads up to order a~
Notice that the zeroth order term ,~o) = t~ij is mass independent. In the above perturbation series the quantities /.t 2 and S, originate from n-dimensional regularization. The mass parameter/z is due to the dimensionality of the gauge coupling constant g (ors = g2/(47r)) in n dimensions and should not be confused with the renormalization and mass-factorization scale. However, if one only subtracts the pole terms like in the MS scheme the mass parameter/z turns into the afore-mentioned scales. The spherical factor S, is defined as
where Ye is the Euler constant and the colour factor CF in SU(N) is
Further, &s denotes the bare coupling constant which will be renormalized as follows:
In the equation above /3o is the lowest order term in the series expansion of the betafunction which is given by Further, nf denotes the number of light flavours which enter via the quark-loop contributions to the gluon self-energy. The heavy quarks of species H with mass mH also contribute to the latter. The lightest heavy quark occurring in the sum of (3.7) is represented by H = Q with mass m a = m. It is the same quark as the one produced in the final state of process (2.2) and it also appears in the heavy quark operator whose OME's are shown in Figs where Zij (i,j = q,g) are the operator renormalization constants corresponding to the operators in (2.23)-(2.25). Notice that for the non-singlet operator in (2.23) Z Ns is a real number, whereas for the singlet operators in (2.24), (2.25) Zij becomes a matrix. The operator matrix elements can be expanded in as analogous to A 0 in (3.1) as follows:
z,j= Z , k=O where Aij denote the finite OME's which do not have UV or C-divergences anymore. The quantities Fij stand for the transition functions which have the same properties as Zij mentioned above (3.13). Like A 0 and Zij the Fij can be expanded as a power series in as, The last term in the above equation originates from Figs. 2u,v and the meaning of the sum is the same as discussed below (3.9). Notice that in the above expression the pole terms e -k stand for the UV divergencies as well as the C-divergences so that we have put etJv = ec. Further we infer from the literature that
(2) (3.23) has to be computed in this paper. In the above and subsequent expresand aog sions the functions Lin(z) denote the polylogarithms which can be found in [22] . The finite OME's follow from (3.19) where we have where the meaning of the sum is the same as discussed for the coupling constant renormalization in (3.7) (see the discussion below (3.9)). Notice that the choice of scheme for ors in (3.7) implies that the last term in (3.23) is completely removed from the renormalized a(2) in (3.26). The constants in (3.25) and (3.26) are given by Here we have used the renormalization group constants (see also (3.22), (3.30))
The last OME which we have to deal with is represented by the heavy quark loop NS,(2) in Fig. 4 . Since we can infer the coefficients of the double and single pole terms of the unrenormalized OME ,4ij from the two-loop corrected AP splitting functions and the betafunction published in the literature [17] [18] [19] [20] [21] , the above expressions serve as a check on our calculations. The non-pole terms defined by ~Qg-(2) (3.23), ttQq-PS' (2) (3.31) and uQqNS' (2) (3.35), which cannot be predicted, have to be calculated in this paper. They are needed to compute the heavy quark coefficient functions (2.17) up to the non-logarithmic terms, which will be done in the next section.
Before finishing this section we will give an outline of our calculation of the OME's depicted in Figs. 1-4 . We have computed the OME's using the standard QCD Feynman rules and the operator vertices corresponding to (2.23), (2.24) which can be found in the literature (see Ref. [ 18] ). Since in our case the latter are S-matrix elements we have to consider the connected Green functions where the external quark and gluon propagators are amputated. Notice that one has to include the external self-energies. The connected Green function needed for AQg ( Figs. 1 and 2) is given by
where Oa is the heavy quark composite operator defined in (2.24). It also appears in the connected Green function for A~2S ( Fig. 3) , which reads
(3.38) Finally we need the connected Green function for the non-singlet operator Aqq, QNS (Fig. 4) .
Here the light quark operator Oq,r (2.23) has to be inserted so that we get and omit the graphs with the external ghost lines. However, in this case the individual Feynman graphs lead to integrals with higher powers of the momenta in the numerator so that they become more difficult to compute. Moreover, the number of independent integrals is artificially increased. The advantage of constructing the Green function in the way shown in (3.43), (3.44) is that one does not have to resort to complicated tensorial reduction programs as had to be used for example in [ 16] . Therefore one has only Lorentz scalars in the numerators of the Feynman integrals which can be partially cancelled by terms in the denominators. The traces of the quark loops in Figs. 1 and 2 and the contraction with the metric tensor in (3.43) have been performed by using the algebraic manipulation program FORM [23]. We did the same for the graphs in Figs. 3 and 4 where we had to compute the trace in (3.44). The computation of the scalar integrals is straightforward as long as the number of propagators does not exceed four. In the case of five different propagators the calculation becomes more cumbersome but here one can use the trick of integration by parts [24] . Examples are given in Appendix B. The results for the unrenormalized OME's are too long to put them in this section and we will defer them to Appendix C. Apart from the check on the pole terms mentioned above we can also check the finite term of the Abelian part of ,4Qg. 
Heavy quark coefficient functions
In this section we will compute the heavy quark coefficient functions Hi,t and Lid defined in (2.13) up to order ce~ in the asymptotic limit Q2 >> m 2. For this computation we will use the mass factorization theorems as represented by Eqs. where ni,l (i = 2, L; l = q, g) denote the heavy quark coefficient functions in the limit Q2 >> m 2 and Akt (k,I = q,g) are the finite OME's computed in the last section. The coefficient functions Ci,l(Q2/tz 2) have been calculated in [12] . They are obtained from the massless parton structure functions as defined in Eqs. (2.26), (2.27), after having performed mass factorization in the MS scheme. In the last section also the OME's Akt have been calculated in the MS scheme. In the product on the right-hand side of (4.1) the scheme dependence is only partially cancelled which is revealed by the fact that Hi,l is still scheme dependent. This dependence, which is indicated by m2/# 2 in Hi,l, originates from the coupling of a light parton (gluon or quark) to an internal light parton characteristic of the production mechanisms of the processes in (2.14) and (2.15).
Dropping the superscript S on Hi,g we have for the lowest order photon-gluon fusion process (see (2.12) and (2.13)) the following result: (4.15) Notice that the above formulae are still dependent on the mass factorization and renormalization scale #2. The same scale dependence was also found for the exact expressions for the heavy quark coefficient functions where Q2 and m 2 can be arbitrarily chosen. The ~2 dependence can be attributed to coupling constant renormalization represented by the lowest order coefficient /70 in the beta function and the lowest order splitting function p~O) standing for the transition g ---+ g + g.
The computation of the asymptotic expression of the heavy quark coefficient function corresponding to the Bethe-Heitler process (2.15) proceeds in the same way. From (4.1) we derive is taken to be massless. Therefore this coefficient function also gets virtual corrections among which is the heavy quark (Q) loop contribution to the gluon self-energy (for more details see Ref.
[12] ). The coefficient functions appearing above take the form In the above equations the heavy quark loop contribution to the gluon self-energy was renormalized in the MS scheme since Q was taken to be massless. However, in Aqq,Q" NS,(2) this renormalization was carried out in a different scheme (see below (3.35)). Choosing the latter scheme also for the coefficient functions we obtain, instead of (4.25), (4.26), Notice that in the above expressions the /z 2 dependence has completely disappeared due to the special choice of the renormalization scheme for the heavy quark (Q) loop contribution to the gluon self-energy.
Since we have now all renormalization group coefficients at hand we can calculate the heavy quark coefficient functions Hk,i and Lk,i in the asymptotic limit Q2 >> m 2 for arbitrary z. The splitting functions pi.~0) pill) and the non-pole terms in the OME's which agrees with expressions (D.3)-(D.6) in the limit z --* 0.
Results
In this section we want to make a comparison between the exact heavy quark coefficient functions in [4] and the asymptotic ones derived in this paper. The exact coefficient functions which are either available in computer programs [4] or in tables
[ 13] will be denoted by /./exact and L exact (k = 2, L, i = q,g). The coefficient functions "~k,i k,i ]t./-asymp calculated in this paper, which are only valid for Q2 >> m z, will be referred to as "'k,i fasymp and their analytic expressions can be found in Appendix D. These functions and ~,i depend on the scaling variables z (z = Q2/(2p.q)), ~ (~ = Q2/m2) and m2//z 2, where /x is the mass factorization and renormalization scale (see the definitions in (2.16)). We are now interested to find out at which values of s c (or Q2) the asymptotic coefficient functions approach the exact ones 4 so that the latter can be replaced by the former. For that purpose we define the ratios R~I ~ and T(k.li ) which are given by 4 The order a~ heavy quark coefficient functions in Refs. 14,13] have to be multiplied by 16~r~/z in order to obtain the /-/~k xact'2) and L exact'(2) in this section. In the following we will only study both ratios for/z 2 = m 2. It turns out that the minimal s c value for which the asymptotic and exact coefficient functions coincide is not very sensitive to the choice of/z. Here we want to emphasize that the conclusions drawn on the (-behaviour are independent of the heavy flavour species. However, bearing in mind the experimental Q2-values available it is clear that at this moment our studies are only of interest for charm production at HERA.
Choosing the range 5 < s c < 105 we will present the above ratios "' k,iP(t) (5.1) and T(t)k,i (5.2) for Z = 10 -2 and 10 -4, although we also studied other values. In particular we are interested in the minimal sO-value called ~:min above which the ratios in (5.1), (5.2) tend to unity. These two z-values are chosen because z = 10 -4 is the minimum value reached by the HERA experiments and z = 10 -2 is representative for our study. It turns out that in the region 10 -~ > z > 10 -2 the plots made for °(2) • "k,i are similar to those made at z = 10 -2. Also the plots made for 10 -2 > z > 10 -4 are between those made for z = 10 -2 and z = 10 -4. It appears that for R (2) k,i ~min is almost independent of z. In a'(2) There is the case of T(2)" k,i the sensitivity of the plots on z is larger than it is for "'k,i • a dependence on ~:min for the different z-values which increases when z tends to unity.
Note that we will not study the Born contribution R (t) corresponding to the photonk,g gluon fusion process (2.12) since the asymptotic as well as the exact expressions for the heavy quark coefficient functions are very simple and they can be found in the literature. In Figs. 5 and 6 we have plotted °(2) (2) "'L,g and R2,a,, respectively. Both ratios are determined by the exact and asymptotic coefficient functions u(2) which originate from the NLO "~k,g photon-gluon fusion process (2.14). The exact coefficient functions are numerically computed in [4, 13] , whereas the asymptotic ones can be found in (4.14), (D.3) for Masymp,(2) • L/asymp'(2)• L,g and in (4.15), (D.4) for "'2,g . From Fig. 5 we infer that H~, xact'(2)L,g and Hasymp,(2) coincide when ~: ~> ~:min = 103 and there is essentially no difference between L,g the ratios for z = 10 .2 and z = 10 -4. In the case of/./~xact,(2) and Hasymp'(2) the above 2,g "~2,g sO-value is much smaller and both coefficient functions coincide when ( ~> ~:min = 10. In Fig. 5 as well as Fig. 6 the exact coefficient functions show computer instabilities when s c gets very large and z becomes very small. This numerical uncertainty is one of the reasons why we derived the asymptotic formulae for the heavy quark coefficient functions in this paper.
In Figs. 7 and 8 we made the same plots but now for the Bethe-Heitler process (2.15). /4exact'(2) in [4,13] and
The ratios ~,(2) (Fig. 7) and 0(2) (Fig. 8) 
L.g
Finally we turn to the ratios 7"(z) • k,q (5.2) which originate from the Compton process /_/~,xae~(2) for which only numerical results exist, we were able in (2.15). Contrary to k,i , to compute L~q ct'(2) analytically and the expressions can be found in Appendix A. The asymptotic formulae are presented in (4.28), (D.7) for/-asymp,(2) and in (4.29), (D.8) ~L,q for ~2,qraSymp' (2)" Using these coefficient functions we have plotted T (2)L, q and 7"(z), 2,q in Fig. 9 and Fig. 10 , respectively. From these figures we infer that at small z (here z = 10 -4) the asymptotic formulae coincide with the exact ones over the whole (-range. At larger z-values (e.g. z = 10 -2) the approximation gets worse and it becomes only good when Apparently the logarithmic terms appearing in /'~L~ act'(2) start tO dominate the coefficient function at much larger values of ( (or Q2) than is the case for ~exac~(2) To see why "J2,i this happens one needs exact analytical expressions for /4exact'(2) which are extremely "~k,i hard to compute in view of the many mass scales (Q2 and m 2) on which these coefficient functions depend. In the case of the coefficient functions Lk,q one gets Q2in = 225 (GeV/c) 2 ((min = 100 at z = 10 -2) which lies between the values given for H (2) and L,i H(2) 2,i"
Summarizing the above we have seen that above a certain (-value called (min the exact coefficient functions can be replaced by the asymptotic ones. In this way we can avoid the computer instabilities occurring in the exact coefficient functions, which are numerically calculated in [4, 13] . However, these (mi,-values vary depending on the production mechanisms and the projection k = L or k = 2 under consideration.
Fortunately it turns out that not all production mechanisms are of equal importance their asymptotic ones at much lower values of ( than (min. This holds for FL (x, Q2, m 2) in particular, where the experimental errors will be very large. The question what the most reasonable value is for (rain can only be answered after a thorough investigation of Fk(x, Q2, m 2) which will be left for a future publication.
Apart from the usefulness of the asymptotic heavy quark coefficient functions to avoid computer instabilities at large ~:-values one can use them in the context of the variable flavour number scheme (VFNS) advocated in [9] . This also includes the renormalized operator matrix elements (OME's) Akt calculated in Section 3. As already mentioned above and said below (2.17), for Q2 /> Q2mi n (so/> ~:min) the logarithmic terms lni(m2/i, z2 ) lnk(Q2/m 2) dominate the heavy quark coefficient functions so that according to VFNS the heavy flavour behaves like a massless quark. The large logarithmic terms have to be resummed which is done in the following way. First one has to factorize the mass (m)-dependent terms out of the heavy quark coefficient functions according to (2.26), (2.27). The latter turn then into the massless quark coefficient • L,q functions calculated in [ 12] . The mass dependent terms represented by the renormalized OME's Akt computed in Section 3 satisfy a rcnormalization group equation which provides us with an asymptotic solution representing the resummation of the above large logarithms. This procedure has been used for charm production in [9] in leading order (LO). In particular this procedure entails the definition of the charm quark density which is related via the renormalized OME's A~t to the light patton densities for u, d, s and g. Our calculations allow us to work out this extension to NLO, which will be shown in a future publication.
To summarize our work above we have used the OPE techniques and the renormalization group equation to find analytic formulae for the asymptotic behaviour Q2 >> m2 (~: >> 1) of the heavy quark coefficient functions which enter in deep inelastic electroproduction. We have tested these asymptotic formulae against the e×act order ot~ coefficient functions available via our rather complicated computer programs and found agreement when ~: >~ 10 for F2(x, Q2,m 2) and ~: >~ 103 in the case of FL(x, Q2,m2) . In the case of charm production these values are translated into Q2 ~> 22.5 (GeV/c) 2 Fig. 10 . 7; t2) plotted as a function of~ for fixed z = 10 -2 (solid line) and z = 10 -4 (dashed line).
2,q
for F2(x, Q2, mZc) and Q2 ~> 2250 (GeV/c) 2 for FL(x, Q2, m~), respectively. However, taking the experimental uncertainties into account one can argue that much smaller values can be quoted. This will be investigated in the future. Further we computed the order ,~ contributions to the renormalized OME's Akt. They can be used in the context of the variable flavour number scheme to determine the charm quark density up to next-to-leading order as a function of the light patton densities u, d, s and g, so that they become much better known than before. This is left to a future publication.
Appendix A
In this appendix we present the exact expressions for the heavy quark coefficient functions L (2) Here we present the unrenormalized operator matrix elements ,~j2) whose general structure expressed in renormalization group coefficients was derived in Section 3. After having carried out mass renormalization the two-loop OME in Fig. 2 is given by the following expression (see also (3.23)): Here the term 1 / ( 1 -z ) + has to be defined in the distribution sense (C.5) \ u.6) (C.7)
Notice that as long as z < Q2/(Q2 + 4m2) with m2 # 0 the terms proportional to 6( 1 -z ) do not contribute and the subscript + in ( l/( 1 -z ) > + can be dropped. We will comment on this in Appendix D after having predicted the asymptotic expression for L::(2). The OME's which emerge from the calculation of the graphs in Figs. l-4 usually appear in the Mellin transformed representation 1 AI7 ') = 711 + (-1)ml dz Zm-lAii(Z).
(C.8) 0
This implies that the anomalous dimensions y17 ') correspond to the physical operators listed in Eqs. (2.23)-(2.25) only for even m.
Appendix D
In this appendix we present the heavy quark coefficient functions H! 2) and L (2) t,.I i,j (i = L,2;j = q,g) in the asymptotic limit Q2 >> m 2. Starting with the leading order photon-gluon fusion process (2.12) the heavy quark coefficient functions read (see Eqs. In the above expressions one should bear in mind that the singularity at z = 1 will never show up because of the kinematical constraint z < Q2/(Q2 + 4m2). However, after convoluting L2N s by the parton densities the structure function F2(x, Q2,m 2) in (2.8) will diverge as In3(Q2/m 2) in the limit Q2 >> m 2. In the above limit the upper boundary in (2.8) Zmax ~ 1 and the virtual gluon which decays into the heavy quark pair becomes soft. The soft gluon contribution which causes the cubic logarithm above has to be added to the two-loop vertex corrections calculated in Appendix A of [28] . These corrections contain the heavy quark (Q) contribution to the gluon self-energy. The cubic logarithm is then cancelled. The final result will be that in (D.8) the singular terms at z = 1 have to be replaced by the distributions (lnk(l -z )/(1 -z))+ defined by 
